The symmetry method of studying boundary value problems is generalized to the multi-dimensional case. In passing from 1 + 1 dimensions to 2 + 1 dimensions the main obstacle is the existence of nonlocal variables. To overcome this obstacle we have derived additional constraints that link the nonlocal variables of different levels. As an illustration, the application of the method to the two-dimensional Toda lattice is considered. @ 1997 Elsevier Science B.V.
Introduction
At present classes of boundary conditions are known for integrable nonlinear partial differential equations and lattice equations with two independent variables, in both classical and quantum versions, compatible with the integrability property. In the last decade the subject has become rather popular; various approaches were worked out and applied successfully (see Refs. [ 1, 2] ) . An effective method to investigate boundary value problems for integrable 1 + 1 dimensional nonlinear equations was proposed and developed in Refs. [3, 4] based on the symmetry approach. The symmetry test established in Refs. [3, 4] allows one, in principle, to describe the complete set of boundary conditions for the given equation, compatible with its integrability property. For instance, recently the boundary value problem for the Korteweg-de Vries equation has successfully 1 E-mail: gurel@fen.bilkent.edu.tr.
By a boundary condition we mean a constraint of * E-mail: ihabib@imat.rb.ru. the following form, been studied within the framework of the symmetry approach [ 5, 6] , However, the initial boundary value problem for integrable systems (i.e. systems admitting a symmetry algebra having infinitely many elements [7] ) with more than two independent variables were not studied much. In the present paper we have undertaken an attempt to generalize the symmetry test to the multidimensional case. As a touchstone we take a very well studied two-dimensional integrable phenomenon, the 2D Toda lattice equation,
Various alternative forms of the Toda lattice and interrelations between them are discussed in Ref.
[ 81.
Besides the inherent interest in integrable systems, the Toda system has a wide number of applications in many fields from quantum field theory to differential geometry. Here and below the subscripts x, y, t denote partial derivatives with respect to these variables. 
2. Boundary conditions consistent with symmetries
In two dimensions the main obstacle is the existence of nonlocal variables on which higher symmetries depend. For instance, the following two equations,
where q(k) and q(m) are expressed through Eq. (2). q,(n) = 62(n -2) + bz(n -1) + b2(n> Definition. The boundary condition (2) is considered to be compatible with the symmetry if the commutativity condition is still valid subject to the constraint (2) . Or, in other words the semi-infinite lattice (3) and the following semi-infinite lattice
are two symmetries of the Toda lattice ( 1) . They depend on two nonlocalities bt (n) and b2 (n), which are introduced as solutions to the equations [ 81
commute. A similar commutation condition may be given also for the semi-infinite chain (4) but this condition is automatically satisfied after imposing the condition for Eq. (3).
-bz(n -l), (9) bz,,(n) = c(n)bt(n
where c(n) is described by the equation c(n) = eq(n+')-q(n). Other nonlocal variables bj, j > 1 satisfy the similar equations,
In this paper we consider two classes of boundary conditions, consistent with the test symmetry (see
Let us pass from the standard set of local dynamical 3. Differential constraints of the form variables u = fk, ux, vy, uxy)
for all II = 0, *l , f2, . . .
to the set consisting of variables u, u and all their Xand y-derivatives by u = eq(t) u = e-4(o).
For example, q( -1) may be eliminated by means of the Toda equation itself by setting e-9(-') = eq(l)-Wo) _ qxr(0)e-q(O), and so on. In terms of these new variables the symmetries (5) and (6) become (see also Ref.
Suppose that the constraint ( 17) is consistent with the system ( 13). Let us differentiate it with respect to t by means of the system ( 13) and then replace the variables u,uX,uy,. . . in the resulting equation through variables s, s,, r, rx, r,,, u, ux, uY, u.~~, . . . 
containing a finite number of variables, or is satisfied identically. In the former case, Eq. ( 19) can essentially be simplified. Actually the following statement takes place:
where nonlocalities r = b,(O) and s = b2 (0) + r( log u) x obviously satisfy the equations
Lemma. Unless Eq. ( 19) is valid identically it is of
one of the forms:
The boundary condition (2) takes the form P(u,v,u,,ux'uY,uY ,...) =o. 
In either case we will use Eq. (13) as the test symmetry because the other one ( 12) does not admit any constraint of the above forms for it is skew-symmetric in the highest order derivatives (cf. Ref. [ 121) . rxx=H~(r,r~.u,ux,uy,...~.
Finally, a comparison of Eqs. (24) and ( 14) where b is an arbitrary constant. Turning back to the original variables, the differential constraints (i)- (v) correspond to the boundary conditions for the Toda system ( 1) . Below we give the boundary conditions together with the equations for the associated nonlocalities:
(1) eq(') = 0, b2,!(0) = 0; respectively. All boundary conditions ( l)-(5) are well known. They are nothing but the closure conditions imposed at two different points n = nt and n = n2, which reduce the infinite Toda lattice to the socalled generalized (finite) Toda lattices. These finite Toda lattices are integrable and described by Cartan matrices of simple Lie algebras of finite growth [ 91.
Remark. In order to examine the compatibility condition with the next symmetries it is necessary to consider next nonlocalities. In this section we will consider differential constraints ( 18). Supposing that Eq. ( 18) is compatible with r-evolution and differentiating it with respect to t one has again two choices: either the resulting equation holds identically or it gives an additional constraint = 0.
If it does not hold identically then it can be written in one of the forms (cf. Lemma in the previous section) : 
which was found earlier in Ref.
[lo] by using Backlund transform but it is still less studied. For nonlocalities one has the following equation, the the
